Let A be a noetherian commutative Z[1/2]-algebra of Krull dimension d and let P be a projective Amodule of rank d. We use derived Grothendieck-Witt groups and Euler classes to detect some obstructions for P to split off a free factor of rank one. If d 3, we show that the vanishing of its Euler class in the corresponding Grothendieck-Witt group is a necessary and sufficient condition for P to have a free factor of rank one. If d is odd, we also get some results in that direction. If A is regular, we show that the Chow-Witt groups defined by Morel and Barge appear naturally as some homology groups of a Gersten-type complex in Grothendieck-Witt theory. From this, we deduce that if d = 3 then the vanishing of the Euler class of P in the corresponding Chow-Witt group is a necessary and sufficient condition for P to have a free factor of rank one. Crown
Introduction
Let A be a noetherian commutative ring of Krull dimension d and let P be a projective Amodule of rank r. Serre's splitting theorem (see [25] , or [7, IV, Corollary 2.7] ) asserts that if r > d then P Q ⊕ A for some A-module Q (which is then necessarily projective). If r = d, this result is wrong in general (as shown by the well-known example of the tangent bundle of the real algebraic sphere of dimension 2; see [6, Proposition 7.3] for instance) and the problem of finding a precise obstruction for a projective module to split off a free factor of rank one stimulated many mathematicians. A first milestone was reached when Murthy gave a precise answer in the case of smooth affine algebra over an algebraically closed field [21, Theorem 3.8] . Some years later, Nori associated to any smooth affine domain over a perfect field a group called Euler class group and to any projective module of top rank with trivial determinant a class, the Euler class, taking value in this group. He conjectured that the vanishing of this class was precisely the obstruction for the module to have a free factor of rank one. This conjecture was then proved by Bhatwadekar and Sridharan [9, Corollary 4.13] . However, the definition of the Euler class group by generators and relations and the lack of good functorial properties make the computations a bit delicate. This led Barge Morel also remarked that the theorem was most certainly also true for d = 3 but his technique failed in that case.
If A is a noetherian Q-algebra, then there is also a definition of the Euler class group due to Bhatwadekar and Sridharan [10] and of the Euler class in it associated to a projective module of top rank (the assumption on the determinant is removed). Essentially the same technique as in [9] allows the authors to prove the same result: the Euler class vanishes if and only if the module has a free factor of rank one. As in the smooth case, the Euler class group has no cohomological interpretation and the computations are difficult.
In this paper, we use the higher Grothendieck-Witt groups to study the question of splitting projective modules of top rank. These groups are the quadratic analogue of K-theory and were introduced by Schlichting [24] generalizing Hermitian K-theory of rings. More precisely, one can associate higher Grothendieck-Witt groups to any Z[1/2]-complicial exact category with weak-equivalences and duality in the spirit of Waldhausen K-theory. If X is a scheme over Z [1/2] , then the category Ch b (X) of bounded complexes of coherent locally free O X -modules endowed with quasi-isomorphisms and some extra structure is such a category, and thus one gets higher Grothendieck-Witt groups of X depending on the chosen duality. When inverting the quasi-isomorphisms, one gets a triangulated category with duality and recovers the derived Grothendieck-Witt groups defined by Balmer and Walter [26] . These groups are the quadratic analogues of K 0 (X). Grothendieck-Witt theory satisfy more or less the same formal properties as K-theory and one may make computations in some cases. In this paper, we mainly use the localization sequence associated to a sequence of complicial exact functors and Karoubi periodicity, whose statements are recalled in Section 2. Using this, we get very easily a first splitting result (Theorem 10 in the text):
Theorem 2. Let A be a noetherian Z[1/2]-algebra of odd dimension d. Let P be a projective module of rank d and let L be an invertible A-module. Let H : K 0 (A) → GW 3 (A, L) be the hyperbolic map. Then H ([A] − [P ]) = 0 if and only if P Q ⊕ A where Q is a projective module endowed with an anti-symmetric form ψ : Q → Hom A (Q, L).
We then introduce the Euler classes in Grothendieck-Witt theory. These classes are defined in a natural way and extend the classes already defined for Chow-Witt groups. They play the role of top Chern classes in K-theory. If e(P ) denotes the Euler class of a projective module P , we get the following result (Propositions 23 and 24 in the text): Of course this result leads to the question whether the Euler class of P in the corresponding Grothendieck-Witt group is in every dimension the obstruction for it to split off a free factor of rank one. An affirmative answer would provide a good tool to deal with this question, because Grothendieck-Witt theory is a cohomological theory and Euler classes are functorial. We hope to solve this question in further work, but at the moment we have no idea on how to do it.
Another consequence of the localization exact sequence in Grothendieck-Witt theory is the existence of a spectral sequence whose first page contains a Gersten-type complex involving (twisted) Grothendieck-Witt groups of fields and converging to the Grothendieck-Witt groups of the scheme. The construction of this spectral sequence is straightforward and will be probably treated more precisely in Schlichting's paper [24] . Nevertheless, we prove some dévissage theorem which yields to the following theorem (Theorem 33 in the text): It must be signalled that this theorem, under more restrictive assumptions, was also discovered simultaneously and independently by Hornbostel [18] . It is the analogue of Bloch's formula for Chow groups.
This result illustrates the general philosophy behind our work: Chow-Witt groups are to Grothendieck-Witt groups exactly what Chow groups are to K-theory. Now it is well known that Chow groups could be defined using only the notion of K 0 [11] and not surprisingly the analogue is true for Chow-Witt groups as well (Theorem 34 in the text).
Theorem 5. Let X be a regular scheme over Z[ 
obtained from the duality preserving functors of triangulated categories with duality
Then we have
This theorem leads to a very simple proof of Morel's theorem in dimension 3. Observe that the algebra A is not necessarily defined over a field, but that the assumption 1/2 ∈ A is crucial for the use of certain results in Grothendieck-Witt theory whereas Morel does not need it. The following result is Theorem 38 in the text.
The article is organized as follows. In Sections 2.1 and 2.2, we briefly state the definitions and results needed throughout the paper. The reference for that section is [24] . Section 2.3 is devoted to the naive splitting theorem using the hyperbolic functor (Theorem 10). After that, we briefly recall the definition of the Euler class of a vector bundle. An easy computation of these classes leads then to our splitting results in low dimension, which are Propositions 23 and 24. After that we focus on the construction of the spectral sequence in Grothendieck-Witt theory, which we call the Gersten-Grothendieck-Witt spectral sequence. As already said, this construction is purely formal using the localization sequence. The technical part of the paper comes in Section 3.2. Our strategy is based on the one used by Balmer and Walter to identify the groups appearing in their Gersten-Witt complex [3] . It uses a bunch of equivalences of categories carrying a duality and some extra structure. Our computations lead to the identification of some groups in the second page of the Gersten-Grothendieck-Witt spectral sequence, which are nothing else than certain Chow-Witt groups. In order to make this identification explicit, we briefly recall the definition of the Chow-Witt groups of a regular scheme in Section 4.1. The reference for that section is [13] . Finally, we put everything together to prove Morel's theorem in dimension 3 (Theorem 38).
Conventions
The word scheme will always mean a noetherian separated scheme. The set of points of codimension p in X will be denoted by X (p) . 
Some useful results in Grothendieck-Witt theory
In this section, we briefly recall the definition of higher Grothendieck-Witt groups and state some well-known results. We then use these results to prove our naive splitting theorem. Finally, we include Euler classes in the picture of Grothendieck-Witt theory and compare them with the class appearing in the naive splitting theorem. The references for Grothendieck-Witt groups are [24, 26] .
Notations and definition of higher Grothendieck-Witt groups
Let X be a scheme over Z [1/2] . Consider the exact category P(X) of coherent locally free O X -modules. Let Ch b (X) be the category of bounded chain complexes of objects of P(X). It is an exact category in an obvious way: a sequence of complexes is exact if it is exact in P(X) degree-wise. It turns out that this category is an exact category with weak equivalences, the weak equivalences being the quasi-isomorphisms. If L is any line bundle over X, denote
is an isomorphism. This functor and this natural isomorphism endow Ch b (X) with a duality. Moreover, this duality preserves weak equivalences. The homomorphism
Composing with the tensor product of complexes gives and a bi-exact functor [2] for the explanation of the signs). We can now state the following definition:
Remark 2.
To be precise we should call GW n m (X, L) the mth higher n-shifted Grothendieck-Witt group of X twisted by L. For obvious reasons, we will often call it simply Grothendieck-Witt group when the context is clear.
These groups depend on m and n. However, they are 4-periodic in n:
Proof. See [24] . 
It turns out that 0th higher Grothendieck-Witt groups and derived Grothendieck-Witt groups coincide, and that negative Grothendieck-Witt groups coincide with Witt groups as shown by the following proposition, which is directly obtained from [24] or [26, Theorem 5.1].
Proposition 5.
Let X be a scheme over Z [1/2] . For any n ∈ Z, the localization induces an isomorphism of groups
In the sequel, we will also need Grothendieck-Witt groups of other categories. For any i ∈ N, let Ch b (X) i be the full subcategory of Ch b (X) of complexes whose homology is supported in codimension i. The duality L is exact on this subcategory and (Ch
is also a Z[1/2]-complicial exact category with weak-equivalences and duality. As before, we can formally invert the quasi-isomorphisms and get a triangulated category
-complicial exact category with weak-equivalences and duality and its associated triangulated category (obtained by inverting the morphisms in qis
Localization sequences and Karoubi periodicity
is an exact functor and sends quasi-isomorphisms to quasi-isomorphisms. For any n ∈ N the duality n L on Ch
preserves the duality. Moreover, the bi-functor
give bi-functors
and
To summarize the fact that the inclusion functor preserves all these data, we write as
this functor. Such a functor is an example of complicial functor of Z[1/2]-complicial categories with weak-equivalence and duality [24] . Another example of such a functor is
We then have a sequence of complicial functors
and this sequence yields an exact sequence of triangulated categories
These triangulated categories can be seen as triangulated categories with duality when they are endowed with the duality n L . One of the fundamental theorems in Witt theory is the localization theorem. To any exact sequence of triangulated categories with duality, one can associate a long exact sequence of Witt groups [2, Theorem 1.4.14]. Thus there is a long exact sequence of Witt groups associated to the exact sequence
Under these assumptions, Schlichting proves:
Theorem 7. The sequence of complicial functors
yields a homotopy fibration of spectra
This theorem is a localization theorem. However, we prefer to call Localization theorem its immediate corollary:
give a long exact sequence
Moreover, the sequence starting at GW
L) is the long exact sequence of Witt groups associated to the exact sequence of triangulated categories with duality
Another fundamental result that we will need is Karoubi periodicity. If (C, , ) is any triangulated category with duality, then there is an exact sequence relating K 0 (C) with the Grothendieck-Witt groups of (C, , ) [26, Theorem 2.6]:
The homomorphism f sends a symmetric pair (M, ϕ) (for the (n − 1)-shifted duality) to the class of M in K 0 (C) and H sends a class M in K 0 (C) to the class M ⊕ T n M endowed with the symmetric form (for the n-shifted duality)
This theorem has an extension in Grothendieck-Witt theory. There is a fibration sequence of spectra [24] GW Ch
which gives
Theorem 9 (Karoubi periodicity). Let X be a scheme over Z[1/2] and L be a line bundle over X.
For any i, j, n ∈ N such that j i, there is a long exact sequence
is, up to identification of GW 0 with GW, the exact sequence of Walter
A splitting theorem
Let A be a noetherian ring with 1/2 ∈ A and let L be an invertible A-module. As seen in the above section, the end of the long exact sequence of Karoubi periodicity is the sequence
where f is the forgetful map and H is the hyperbolic map. In the sequel, we denote by
is the usual Grothendieck-Witt group of anti-symmetric forms twisted by L (see [22] for more information). Explicitly, this isomorphism sends an antisymmetric form (Q, ψ) to the class of the symmetric complex
where Q sits in degree 1. For n = 2, the above sequence becomes
Under this identification, f sends an anti-symmetric space (Q, ψ) to the class
(the sign comes from the fact that Q is in degree 1 in the above complex). We will prove the following theorem:
L) be the hyperbolic map. Then we have H ([A] − [P ]) = 0 if and only if P Q ⊕ A where Q is a projective module endowed with a non-degenerated anti-symmetric form ψ : Q → Hom A (Q, L).
The proof will follow easily from the description of a general element in GW − (A, L). For any integer n ∈ N, let |n| = n if n is even and |n| = n − 1 if n is odd.
Proposition 11. Let A be a noetherian ring of dimension d with
for some projective module Q of rank |d|, some anti-symmetric form ψ on Q and some r, s ∈ N.
So we can suppose that
Because of Serre's theorem, M has a unimodular element. Therefore there exists an injective homomorphism A → M whose cokernel is projective. The only anti-symmetric homomorphism A → L being zero, we see that A ⊂ A ⊥ . This shows that there exists a projective module M of rank rk(M) − 2 and an anti-
for some projective module Q of rank |d| and some anti-symmetric form ψ on Q. Thus the proposition is proved. 2 Proof of Theorem 10. Suppose first that P Q ⊕ A and Q is endowed with an anti-symmetric
and therefore Q ⊕ A ⊕ L has an anti-symmetric form. This shows that P ⊕ L is endowed with an anti-symmetric form, say ϕ.
is zero. Therefore there exists homomorphisms P → A and L → Hom A (P , L) such that the following diagram commutes:
Since ϕ is an isomorphism, P → A is surjective. Therefore P Q ⊕ A. Moreover, Q is endowed with an anti-symmetric form (use [22, §3.4, (2)] again). 2
Remark that any projective A-module Q of rank 2 possesses an anti-symmetric form Q → Hom A (Q, det(Q)) defined from the pairing Q × Q → det(Q). Therefore, we get an easy corollary of Theorem 10: 
Euler classes
A useful class in Grothendieck-Witt theory is the Euler class whose definition goes as follows: Let p : E → X be a vector bundle of rank r over a scheme X (always with the assumption 1/2 ∈ Γ (X, O X )). Consider the Koszul complex K(E) associated to the zero section s (with O E in degree 0)
For any i, the pairing
Consider the iso-
is a symmetric isomorphism for the duality T r Hom O E (_, det(p * E ∨ )) and therefore defines a class (K(E), ϕ) in GW r (E, p * det(E ∨ )). Now the zero section s : X → E induces a homomorphism
(which is an isomorphism if homotopy invariance holds, e.g. if X is regular).
Definition 13. Let p : E → X be a vector bundle over X of rank r. Let s : X → E be the zero section. The Euler class of E is the form s
is denoted by e(E).
Explicitly, e(E) is given by the symmetric isomorphism 
Whitney formula for Grothendieck-Witt groups
Our next goal is to show that the Euler classes satisfy the Whitney formula: if
is an exact sequence of vector bundles over X then we have e(F ) = e(G)e(E), where e(G)e(E) denotes the product of these two classes in the corresponding Grothendieck-Witt group (see [16] for the definition of the product). If X is regular (and therefore homotopy invariance holds), we can argue as in [13, Proposition 13.3.2] but we will prove the formula also for singular schemes. Observe first that if F = E ⊕ G, then the well-known fact that Kos(E ⊕ G) = Kos(G) ⊗ Kos(E) (and the consequence of this canonical isomorphism on the ϕ i ) immediately shows that e(F ) = e(G)e(E).
We first recall a result in K-theory that we will use in this section (see for
16(d)]
). Though this is well known, we sketch the proof in order to adapt it to the proof of Whitney formula for bundles of even rank. 
Theorem 15. Let X be a scheme and 0 → E → F → G → 0 be an exact sequence of vector bundles over X. For any r ∈ N, we have
r F = i+j =r i E ⊗ j G = r (E ⊕ F ) in K 0 (X).
Sketch of the proof. Let
is trivial and therefore we get a surjective homomorphism F i → i E ⊗ r−i G. Once again, one checks locally that this induces an isomorphism
An easy computation in K 0 (X) finishes the proof. 2
This result allows to prove the Whitney formula for vector bundles of odd rank.
Proposition 16. Let X be a scheme and 0 → E → F → G → 0 be an exact sequence of vector bundles over X. Suppose that F is of odd rank r. Then e(F ) = e(G)e(E).

Proof. By Proposition 14 and Theorem 15 we find
e(F ) = H (r+1)/2 i=0 (−1) i i F ∨ = H (r+1)/2 i=0 (−1) i i (E ⊕ G) ∨ = e(E ⊕ G).
Since e(E ⊕ G) = e(G)e(E), we get the result. 2
When F is of even rank r, we need some more work in order to prove the same result. Proposition 14 shows that
Let s = r/2. From the proof of Theorem 15, we know that there is a filtration
where F i is the image of the canonical homomorphism 
Suppose that m is odd and recall that r = 2s. We have: With this lemma, we can compute the class of ( 
Corollary 19. Suppose that m is odd. Then
( s F ∨ , ϕ s ) = H ([F [m/2]+1 ]) in GW ± (X, det(E) ∨ ).
Corollary 20. Suppose that m is even. Then
It suffices to check locally that the form is the expected one. 2
Finally, we can prove the Whitney formula:
Theorem 21 (Whitney formula). Let X be a scheme and let
0 E F G 0
be an exact sequence of vector bundles over X. Then e(F ) = e(G)e(E).
Proof. If F is of odd rank, this is Proposition 16. If F is of even rank, we see that the classes in K 0 (X) appearing in the filtration F i are the same for F or E ⊕ G. Therefore,
the computations of Corollaries 19 and 20 show that e(F ) = e(E ⊕ G). The latter is e(G)e(F ) and the theorem is proved. 2
This allows to prove the following proposition:
Proposition 22. Let X be a scheme over Z[1/2] and let
be an exact sequence of vector bundles over X. Then e(F ) = 0.
Proof. Since the Whitney formula holds, it suffices to prove that e(O X )
and the fact that O X carries a symmetric form. 2
More splitting results
In low dimensions, we can use the Euler class in order to see if a projective module over a ring has a free factor of rank 1.
Proposition 23.
Let A be a noetherian ring of dimension 2 with 1/2 ∈ A. Let P be a projective A-module of rank 2. Then e(P ) = 0 if and only if P det(P ) ⊕ A. 
Proof. From Proposition 14, e(P ) = (P
∨ , ϕ 1 ) + H ([A]) in GW 2 (A, det(P ∨ )). Identifying GW 2 (A, det(P ∨ )) with GW − (A, det(P ∨ )), we get e(P ) = (P ∨ , ϕ 1 ) − H ([A]) in the latter group. Therefore (P ∨ , ϕ 1 ) = H ([A]) in GW − (A, det(P ∨ )) if e(P ) = 0. Because A is of di- mension 2, this forces P ∨ A ⊕ det(P ) ∨ (use [8,
Proof. From Proposition 14, e(P ) = H ([A]−[P
. Then e(P ) = 0 if and only if P Q⊕A by Corollary 12. The other implication follows again from Proposition 22. 2
The Gersten complex
Construction of the spectral sequence
The following theorem is an obvious consequence of Theorem 8. We mimic the proof of [3, Theorem 3.1].
Theorem 25. Let X be a scheme of dimension d over Z[1/2]. For any n ∈ Z and any line bundle L over X, there is a spectral sequence of Grothendieck-Witt groups converging to E(n) m = GW n n−m (X, L) with terms on the first page
otherwise. Proof. Consider the filtration of the category Ch b (X):
If n < 0, then the terms on the first page are
The duality n L induces dualities on these exact subcategories such that for any 0 i j d + 1 we have a sequence of functors
By Localization, we have a long exact sequence of Grothendieck-Witt groups associated to this sequence of complicial functors.
which gives a spectral sequence starting with E(n) Remark 27. Suppose that X is a scheme over an infinite field k of characteristic different from 2. Then one can prove that Grothendieck-Witt theory satisfies the axioms of a cohomology theory with supports as defined by Colliot-Thélène, Hoobler and Kahn [12] , by using Localization and Karoubi periodicity. Then the Gersten conjecture is true for regular local k-algebras. Using a standard transfer argument, one can remove the assumption that k is infinite. A complete treatment of this fact will probably be in Schlichting's paper [24] .
Dévissage
We want now to identify the groups GW n n−p−q (D b (X) p/p+1 , L) appearing on the first page of the Gersten-Grothendieck-Witt spectral sequence. In this section, we assume that X is regular. Our approach is very similar to [3, §6] . Let 
is easily seen to be a Z[1/2]-complicial category with weak-equivalences and duality and the localization functor (at x p )
is a complicial functor. Summing these functors for any x p ∈ X (p) , we get a functor
which induces an equivalence of triangulated categories with duality [3, Proposition 7.1]
Such an equivalence induces an isomorphism
by [24] (_, L x p ) and the natural isomorphism (see [3, §6, (18) , (19)]):
-complicial exact category with weak-equivalences and duality.
Let C be the category whose objects are bounded bicomplexes of the form
where the M i are finite length O X,x p -modules, the P ij are free O X,x p -modules such that each column is a (bounded) free resolution of M i and the morphisms are morphisms of bicomplexes. This category is endowed with an exact structure by saying that a sequence of such bicomplexes is exact if it is exact at each bidegree. The projection of such a bicomplex to the complex M • yields an exact functor p : C → Ch b (O X,x p -fl). We say that a morphism f in C is a weak-equivalence
, we can see it as a bicomplex concentrated in bidegree (•, 0) (remark that it is not an element in C) and the tensor product of bicomplexes gives a bi-exact functor Both q and p yield equivalences at the level of the associated triangulated categories and therefore we get isomorphisms for any m, n by Karoubi induction [24] (after twisting n − p times):
Let 
According to Definition 1, the group GW
By putting (1), (2) and (3) together we obtain:
Proposition 28 (Dévissage). Let X be a regular scheme over Z [1/2] . Let n ∈ N. Then for any p ∈ N, we have an isomorphism
Observe that the groups
are those appearing in the GerstenGrothendieck-Witt complex. In some cases, these groups can be computed in terms of Witt groups and K-groups. This is the object of the next section.
Some computations of Grothendieck-Witt groups of fields
Let k be a field of characteristic different from 2 and N be a k-vector space of dimension 1. As usual, we denote by GW(k, N ) the Grothendieck-Witt group of k twisted by N (i.e. with duality Hom k (_, N)), and by W (k, N) its Witt group. The forgetful map f :
usually called the rank map. Since every element in W (k, N) is represented by a unique (up to isometry) anisotropic form, it is not hard to see that the following diagram is a fibre product:
The kernel of f ( 
defined on generators by s n ({a 1 , . . . , a n }) = 1, −a 1 ⊗ · · · ⊗ 1, −a n .
Definition 29. Let G n (k, N ) be the fibre product of I n (k, N ) and
has an explicit presentation (use [24] to identify higher Grothendieck-Witt groups with classical Hermitian K-theory and then [4, Theorem 4.1.9, Corollary 4.5.2.6]). Namely, consider elements (V , q 1 , q 2 ) where V is a finite-dimensional k-vector space and q i are non-degenerate quadratic forms defined on V (with coefficients in N ). Two symbols (V , q 1 , q 2 ) and (V , q 1 , q 2 ) are isomorphic if there exists an isomorphism f : V → V which is an isometry between q i and r i (i = 1, 2). The group GW 1 1 (k) is the quotient of the free group generated by isomorphism classes of symbols [V , q 1 , q 2 ] by the subgroup generated by [V , q 0 ,
One checks that there is a homomorphism δ : GW
Since q 1 and q 2 are defined on the same vector space, we see that their difference is sent to 0 under the forgetful homomorphism f . This shows that δ factors through I (k, N) and can be seen as a homomorphism δ : GW 
Identification of some differentials
We want now to understand some differentials of the Gersten-Grothendieck-Witt complex in terms of the differentials of the Gersten-Witt complex [3] and in terms of the Gersten complex in K-theory [23] . Let x p ∈ X be a point of codimension p and let x p+1 be a point of codimension p + 1. We want to compute
in the Gersten-Witt complex (after dévissage) by Theorem 25. If p = n, then we get a map
which is the composition of the projection from GW to W and the above differential. The first interesting case (and the only case we will need) is when p = n − 1. The map becomes
The homotopy fibrations (see Section 2.2)
yield a commutative diagram of spectra, where the lines and columns are homotopy fibrations:
This gives long exact sequences of homotopy groups with commutative or anti-commutative squares (because of Verdier's exercise; see for instance [27, Exercise 10.2.6] ). In particular, we get a square
which anti-commutes. After dévissage, we get an anti-commutative square
where the two vertical arrows are the differentials in the corresponding Gersten-GrothendieckWitt complexes and the bottom horizontal map is the projection from the Grothendieck-Witt group to the Witt group. Now the bottom homotopy fibration proves that we have an exact sequence
By definition, the image of GW H n (C(X, G n , L) ).
Chow-Witt groups
Definition and first results
Let
It is denoted by CH n (X, L).
The results of the previous sections read as follows: Proof. This is a straightforward consequence of Proposition 31. 2
The same arguments also allows a nice description of Chow-Witt groups using only derived Grothendieck-Witt groups, but not higher Grothendieck-Witt groups. This description is the analogue of a well-known description of Chow groups using only K 0 of some categories [11] .
Theorem 34. Let X be a regular scheme over Z[ 
Then we have ker(β) ⊂ Im(α) and CH i (X, L) = Im(α)/ ker(β).
Proof. Consider the two exact sequences of triangulated categories with duality
and therefore a homomorphism
Observe that this homomorphism is nothing but the edge map in the Gersten-Grothendieck-Witt spectral sequence. Under this homomorphism, the Euler classc d (P ) is sent to e(P ) because of the explicit description of the Euler classes given at the beginning of Section 4.2 (and the fact that (p * ) −1 = s * ). The implicationc d (P ) = 0 ⇒ P Q ⊕ A follows then from Propositions 23 and 24. The other implication is Corollary 13.3.3 in [13] .
